
Isomorphigmtheoremse

Recall that by the way we constructed quotientgroups
we obtained the following result which is the first
of four isomorphism theorems These are all fundamental

results and we'll make a lot of use of them in this

class and in any future algebra related class

TheF n If 4 G H is a

homomorphism then Kerry IG and 4km4 E 4 G
h
incl

we already proved bothof these statements

Eri la ker4 I4 all

themorphimnwin let G be a group A and

B subgroups and AE Na B Then

I AB EG
2 BE AB

3 AAB QA
4 ABIB AlanB

PI 1 Since AENg B and BINA B from the last section

we get ABENaCB EG ABEG



2 Since ABENACB and BQNa B every element of AB

normalizes B so BQAB

3 By 2 We candefine ABIB

Define 4 A ABIB

by 4 a AB
This is a homomorphism since 4 a.az aiazB

a.BazB.aekw4saB lBF aeB

Thus Kerry AAB so AnBQ A

4 4 is surjective since for a cA bCB

labB aBbB aB1B aB 4calW T113 identity

Thus by the first isom thin we have

nB Ahery I 41A ABIB D

This is also called the Diamond IsomorphismThin because

we have the following picture
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isomorphism let G be a group and H and K

normal subgroups of G Assume HEk Then WH E
and NH E

This is also called the freshmantheorem It is exactly what

you get if you thought ofthese as fractions but don't think

of them as fractions

PI Define 4 by gHi gK

We have to show 4 is welldefined If gH gH then gHEgKand

gHEgk so gHEgkhojk so theintersection is nonempty

gk g k

By construction 4 is a homomorphism and if gkc 4GH gk so 4

is surjective

her4 gHgk lk gH geK Thus Kate

By the1st isomthin weget 1 1 11 1 1 4 I im4 4k D

The final isomorphismtheorem describes the relationship betweenthe

subgroups of G and the subgroups of Roughly it saysthat

the subgroups of correspond tothesubgroups of G that contain N

ie if youtakethelattice of subgroups for G and you collapse



everythingbelow N youget the lattice for GIN This is also

called the latticeisomorphismTheorem

ThetourthlsomorphismtheoremI Let NIG Then there is a bijection

fromthe set of subgroups A of G which containN onto the set
of subgroups A AIN A GIN In particularevery subgroup of

G GIN is oftheform AN forsome AEG S.t NEA Namely

A is the preimage of ot AIN iii G under the homomorphism

G sending g gN

PI If A EG St NEA then Gnormalizes N so It does as well
Thus NEA WTS AIN E GIN

If a N a N EAIN then a ai cA so a ai N EAIN Thus AhnCGIN

Now suppose BE GIN let 4 G GIN be the naturalprojection

Let B 4 B B EG the preimage of a subgp is a subgroup

N E B since N Y l and BTN 4 B B Thus this is

a one to one correspondence D

EI let G Qs f l is normal since CD 2 Qs and every

subgroup of the center is always normal

We draw the lattice below for Qr and show the sublattia

which cow to the lattice for Q



Qr
l 72 72 has 3 propernontrivial subgps

i j Lk while z has just 1 genbyZ
I Thus we can see Q 72 72

I


